The Potts model is one of the most popular spin models of statistical physics. The prevailing majority of work done so far corresponds to the lattice version of the model. However, many natural or man-made systems are much better described by the topology of a network. We consider the q-state Potts model on an uncorrelated scale-free network for which the node-degree distribution manifests a power-law decay governed by the exponent λ. We work within the mean-field approximation, since for systems on random uncorrelated scale-free networks this method is known to often give asymptotically exact results. Depending on particular values of q and λ one observes either a first-order or a second-order phase transition or the system is ordered at any finite temperature. In a case study, we consider the limit q = 1 (percolation) and find a correspondence between the magnetic exponents and those describing percolation on a scale-free network. Interestingly, logarithmic corrections to scaling appear at λ = 4 in this case.
Introduction
Considerable attention has been paid recently to the analysis of phase transition peculiarities on complex networks [1] [2] [3] [4] [5] [6] . Possible applications of spin models on complex networks can be found in various segments of physics, starting from problems of sociophysics [7] to physics of nanosystems [8] , where the structure is often much better described by a network than by geometry of a lattice. In turn, the Potts model, being of interest also for purely academic reasons, has numerous realizations, see e.g., [9] for some of them. The Hamiltonian of the Potts model that we are going to consider in this paper reads:
transition for the Potts model with large values of q on scale-free evolving networks was observed in [25] .
In this paper, we will calculate thermodynamic functions of the Potts model on an uncorrelated scalefree network. In contrast to [19] , we will work with the free energy ( [19] dealt with the equation of state). This will enable us to get a comprehensive list of scaling exponents governing the second-order phase transition as well as percolation exponents. We will show the emergence of logarithmic corrections to scaling for percolation and calculate the logarithmic correction exponents. The paper is organized as follows. In section 2 we derive general expressions for the free energy of the Potts model on uncorrelated scale-free network. Thermodynamic functions will be further analyzed in section 3, where we obtain leading scaling exponents and show the onset of logarithmic corrections to scaling for some special cases.
In section 4 we will further elaborate the q = 1 limit of the Potts model, that corresponds to percolation on a complex network. We end by conclusions and outlook in section 5.
It is our pleasure to contribute by this paper to the Festschrift dedicated to Mykhajlo Kozlovskii on the occasion of his 60th birthday and doing so to wish him many more years of fruitful scientific activity.
Free energy of the Potts model on uncorrelated scale-free network
In what follows we will use the mean field approach to analyze the thermodynamics of the Potts model (1.1) on an uncorrelated scale-free network, that is, a network that is maximally random under the constraint of a power-law node degree distribution:
General relations
To define the order parameter and to carry out the mean field approximation in the Hamiltonian (1.1), let us introduce local thermodynamic averages: µ i = δ n i ,0 , ν i = δ n i ,α 0 , (2.2) where the averaging means:
(. . . ) = Sp(. . . ) exp(−H /T ) Z , (2.3) T is the temperature and we choose units such that the Boltzmann constant k B = 1. The partition function Z = Sp exp(−H /T ), (2.4) and the trace is defined by:
(. . . ).
(2.5)
The two quantities defined in (2.2) can be related using the normalization condition δ n i ,0
leading to:
.
Observing the behaviour of averages (2.2) calculated with the Hamiltonian (1.1) in the low-and high- 
Now, neglecting the second-order contributions from the fluctuations δ n i ,n j − δ n i ,n j one gets the Hamiltonian (1.1) in the mean field approximation:
The free energy in the mean field approximation, −g = T ln Sp exp(−H mfa /T ), readily follows:
As usual within the mean field scheme, the free energy (2.9) depends, besides the temperature, both on magnetic field and magnetization. The latter dependence is eliminated by the free energy minimization, leading in its turn to the equation of state. For the Potts model on uncorrelated scale-free networks the equation of state, that follows from (2.8) was analyzed in [19] . Here, we aim to further analyze temperature and field dependency of the thermodynamic functions. Contrary to the mean field approximation for lattice models, where one assumes homogeneity of the local order parameter (putting m i = m for lattices), intrinsic heterogeneity of a network, where different nodes may have in principle very different degrees, does not allow one to make such an assumption. One can rather assume within the mean field approximation that the nodes with the same degree are characterized by the same magnetization. Therefore, the global order parameter for spin models on network is introduced via weighted local order parameters (see e.g. [33] ). Following [19] let us define the global order parameter by:
(2.10)
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Within the mean field approach, we substitute the matrix elements J i j in (2.9) by the probability p i j of nodes i , j to be connected. The latter for the uncorrelated network depends only on the node degrees k i , k j :
where J is an interaction constant, 〈k〉 = 1/N N i=1 k i is the mean node degree per node
1 . The free energy (2.9), being expressed in terms of (2.10), (2.11), contains sums of unary-type functions over all network nodes. Using the node degree distribution function, these sums can be written as sums over node degrees:
In the infinite network limit, N → ∞, k ⋆ → ∞, passing from sums to integrals and assuming homogeneous external magnetic field h i = h we get for the free energy of the Potts model on an uncorrelated scale-free network: 12) where the node-degree distribution function is given by (2.1). For small external magnetic field h, keeping in (2.12) the lowest order contributions in h, hm and absorbing the m-independent terms into the free energy shift we obtain: 15) where
Note that the Taylor expansion of the expression in square brackets in (2.16) at small x starts from x 3 , whereas at large x the function ϕ(x) behaves as x 2−λ and, therefore, the integral in (2.15) is bounded at the upper integration limit for λ > 3. To analyze the behaviour of the integral at the lower integration limit when m → 0 we proceed as follows.
1 Such approximation makes the model alike the Hopfield model used in description of spin glasses and autoassociative memory [34] [35] [36] [37] [38] [39] .
2 Scale-free networks with k ⋆ = 1 do not possess a spanning cluster for λ > λ c (λ c = 4 for continuous node degree distribution and λ c ≃ 3.48 for the discrete one [40] ). We can avoid this restriction by a proper choice of k ⋆ > 1. 3 Again, we absorb the constant −ln q into the free energy shift.
Non-integer λ
Let us first consider the case when λ is non-integer. Then, we represent ϕ(x) for small x as 4 :
where [ℓ] is the integer part of ℓ, a i ≡ a i (q) are the coefficients of the Taylor expansion:
The first coefficients are as follows:
24q 4 .
Integration of the first sum in (2.17) leads to initial terms that diverge at x → 0. Let us extract these from the integrand and evaluate the integral in (2.15) as follows:
For the reasons explained above, the first term in (2.19) does not diverge at small m, neither does it diverge at large x, so one can evaluate this integral at m = 0 numerically. In what follows we will denote it as: Integration of the second term in (2.19) leads to:
4 It is meant in (2.17) and afterwards, that the first sum is equal to zero if the upper summation limit is smaller than the lower one, i.e. for λ < 4.
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Finally, substituting (2.20) and (2.21) into (2.15) we arrive at the following expression for the first leading terms of the free energy at non-integer λ:
(2.22)
Integer λ
Let us consider now the case of integer λ. To single out the logarithmic singularity in the integral of equation (2.15), let us proceed as follows (e.g., see p. 253 in: [41] ). Denoting
we take the derivative with respect to y: 25) with an integration constant C (q, λ) and coefficients a i given by (2.18) . Numerical values of C (q, λ) at different q and λ are given in table 2. 
) we arrive at the following expression for the free energy at integer λ: 
Thermodynamic functions
Towards an analysis of the Potts model also in the percolation limit q = 1, let us rescale the free energy by the factor (q −1): g ′ mfa = g /(q −1) and absorb it by re-defining the free energy scale. Then, each term in 
Below, we will start the analysis of thermodynamic properties of the Potts model by determining its phase diagram in different regions of q and λ.
The phase diagram
To analyze the phase diagram, let us write down the expressions of the free energy at small val- 
The typical m-dependence of functions (3.6)-(3.8) at h = 0 is shown in figure 1 (a) . As it is common for the continuous phase transition scenario, the free energy has a single minimum (at m = 0) for T > T 0 . A nonzero value of m that minimizes the free energy appears starting from T = T 0 . In particular, the transition remains continuous in the percolation limit q = 1, as will be further considered in sections 3.2.1, 4.
q = 2
For q = 2, the Potts model corresponds to the Ising model. Indeed, in this case the coefficient at m 3 vanishes and the first terms in the free energy expansion read:
It is easy to check that the above coefficients K , C , C ′ are positive for q = 2. Therefore, again the free energy behaviour corresponds to the continuous second-order phase transition, see figure 1 (a).
23602-7
(a) (b) 
q > 2
In this region of q, phase transition scenario depends on the sign of the next-leading contribution to the free energy. Indeed, for positive K the free energy reads: to include more terms in the free energy expansion for the sake of thermodynamic stability. However, the sign at the second lowest order term remains negative, which corresponds to the free energy behaviour shown in figure 1 (b) : the phase transition remains first order. The above considerations can be summarized in the "phase diagram" of the Potts model on uncorrelated scale-free networks, that is shown in figure 2 . Therein, we show the type of the phase transition for different values of parameters λ and q.
General q, 2 < λ 3
As it was outlined above, for 2 < λ 3 the Potts model remains ordered at any finite temperature.
Similar to the Ising model [27] , it is easy to find the high-temperature decay of the order parameter in this
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Phase transitions in the Potts model on complex networks region of λ for any value of q 1. Since 〈k 2 〉 becomes divergent for 2 < λ 3 one does not write this term separately in the expression for the free energy [cf. (2.15)]. As a result, the corresponding expressions for the free energy read: 
The above equations (3.17), (3.18) give the temperature behaviour of the mean-field order parameter m. The connection with the magnetization M is found from the self-consistency relation: 
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For the sake of simplicity, in what follows, we will express the thermodynamic functions in terms of the mean field order parameter m. To get their M dependence, one has to take into account the above considerations.
Regime of the second order phase transition, critical exponents
Let us find the critical exponents that govern the behaviour of thermodynamic functions in the vicinity of the 2nd order phase transition point h = 0,τ ≡ |T −T 0 |/T 0 = 0,where T 0 is the critical temperature of the 2nd order phase transition (T 2nd c = T 0 ). To this end, we will be interested in the following exponents that govern the temperature and field dependent behavior of the order parameter m, the isothermal susceptibility χ T = ( 
1 q < 2
In this region of q, the free energy is given by the expressions (3.6)-(3.8). For T > T 0 , g is minimal for h = 0 at a zero value of the order parameter m = 0. For T < T 0 , the minimum of the free energy corresponds to the non-zero m. Based on the expressions (3.6)-(3.8) we find in different regions of λ:
Using formulae (3.24), (3.26) at q = 1 we reproduce the corresponding results for the percolation on scalefree networks [42] : the usual mean field percolation result for the exponent β = 1 for λ > 4 and β = 1 λ−3 for 3 < λ < 4. Note the appearance of the logarithmic correction at the marginal value λ = 4. The resulting values of the exponent are given in table 3. Subsequently, we obtain the remaining exponents defined in (3.22) , (3.23) and display them in the first two rows of table 3 as well.
Similar to the order parameter, (3.25) , the temperature and field behaviour of the rest of thermodynamic functions at λ = 4 in the vicinity of the critical point is characterized by the logarithmic corrections.
Let us define the corresponding logarithmic-correction-to-scaling exponents by [47] :
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The obtained corresponding values are given in table 4 . Note, that all exponents are negative: logarithmic corrections enhance the decay to zero of the decaying quantities and weaken the singularities of the diverging quantities. We discuss this behaviour more in detail in section 4. Table 4 . Logarithmic-corrections exponents for the Potts model on uncorellated scale-free network.
q = 2, the Ising model
For different λ, the free energy is given by (3.9)-(3.11). Minimizing these expressions one finds for the order parameter at h = 0, T < T 0 : Critical behaviour of this model on an uncorrelated scale-free network was a subject of intensive analysis, see e.g., the papers [27, 28, 31, 32] and by the result given in table 3 we reproduce the results for the exponents obtained therein.
q > 2, 3 < λ λ c (q)
In this region of q, λ the phase transition remains continuous, see the phase diagram, figure 2 , and the free energy is given by the expression (3.12). Correspondingly, one finds that the spontaneous magnetization behaves as
The values of the rest of the critical exponents are given in the sixth row of table 3. Since the leading terms of the free energy (3.12) at 3 < λ λ c (q) coincide with that of the Ising model at 3 < λ 5, (3.9), the behaviour of thermodynamic functions in the vicinity of the second order phase transition is governed by the same set of the critical exponents: the Potts model for q > 2, 3 < λ λ c (q) belongs to the universality class of the Ising model at 3 < λ 5. This result was first observed in [19] by treating the mean field approximation for the equation of state.
The first order phase transition
For q > 2, λ > λ c (q) the phase transition is of the first order, see the phase diagram in figure 2 . As we have outlined in section 3.1.3, the next-leading order term of the free energy has a negative sign and the free energy behaves as shown in figure 1 (b) . As further analysis shows, the higher the value of λ the more terms one has to take into account in the free energy expansion in order to ensure the correct g (m) asymptotics. Therefore, in the results given below we restrict ourselves to the region λ c (q) < λ < 4,
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where the free energy is given by equation ( 
A . (3.33) For the jump of the order parameter ∆m at T c we find:
Another thermodynamics function to characterize the first order phase transition is the latent heat Q. It is defined by: (3.35) where ∆S is the jump of entropy at T c . With the free energy given by (3.14) we find the entropy as
Considering the entropy at the transition temperature we can find the latent heat at the first order phase transition for λ c (q) < λ < 4:
(3.37)
Notes about percolation on scale-free networks
By the results of section 3.2.1 we also cover the case q = 1, which corresponds to percolation on uncorrelated scale-free networks. The "magnetic" exponents governing corresponding second order phase transition are given in tables 3, 4. Let us discuss them more in detail, in particular relating them to percolation exponents. The following exponents are usually introduced to describe the behavior of different observables near the percolation 5 point p c [51, 52] : the probability that a given site belongs to the spanning cluster The above defined exponents β and γ coincide with the "magnetic" exponents β and γ of the q = 1 Potts model (see tables 3, 4). Therefore, the probability that a given site belongs to the spanning cluster, and the average size of finite clusters for percolation on uncorrelated scale-free networks are governed by the scaling exponents: The exponents τ and σ may be derived with the help of familiar scaling relations [51, 52] :
(4.8) 5 For definiteness, let us consider the site percolation and denote by p here and below the site occupation probability.
Substituting the values of β and γ (4.5), (4.6) into (4.7), (4.8) one arrives at the following expressions for the exponents τ and σ:
(4.10)
Analysing the high-temperature behaviour of the Potts model magnetization at 2 < λ < 3, (3.20) , one arrives at the scaling exponents β = 1/(3 − λ), γ = −1 for the corresponding observables for percolation at p c = 0.
Our formulas (4.5), (4.6), (4.9), and (4.10) reproduce the results for the scaling exponents that govern percolation on uncorrelated scale-free networks [42, 43] as well as those found for the related models of virus spreading [44, 45] . All the above mentioned papers do not explicitly discuss the case λ = 4 and possible logarithmic corrections that arise therein. Moreover, a recent review [46] , that also discusses the peculiarities of percolation on uncorrelated scale-free networks does not report on logarithmic corrections [its equation (95) is perhaps wrong since it gives no logarithmic corrections for λ = 4.] Our results are in the first row of table 4 where we give a comprehensive list of critical exponents that govern logarithmic corrections to scaling appearing for the Potts model at q = 1, λ = 4, as correctly predicted within the general Landau theory for systems of arbitrary symmetry on uncorrelated scale-free networks [53] .
One may compare our values with the corresponding exponents of the d-dimensional lattice percolation at d = 6:α =β =γ =δ =α c = 2/7 (see e.g. [47] ). In this respect, the logarithmic-correction exponents for the lattice percolation at d = 6 and for the scale-free network percolation at λ = 4 belong to different universality classes. It is easy to check that the exponents quoted in the last row of table 4 obey the scaling relations for the logarithmic-corrections exponents:β(δ − 1) = δδ −γ,α = 2β −γ [48] [49] [50] ,γ c =δ,
+γ [28] .
Conclusions and outlook
In this paper we have analyzed the critical behaviour of the q-state Potts model on an uncorrelated scale-free network. The mean field approach we use in our calculations often leads to asymptotically exact results when critical behaviour on an uncorrelated scale-free network is considered. However, in the case of the Potts model, two similar approximate schemes of calculations, the mean field [19] and the recurrent relations for the tree-like random graphs [20] differ in their results concerning the phase diagram. In particular, for q > 2 and λ 3, both approaches predict that the system always remains ordered at finite temperature. However, for λ > 3, depending on specific values of λ, the first approach predicts the first or the second order phase transition, whereas the second approach predicts the first order phase transition. Our results complete the above analysis. However, unlike [19] , where the equation of state was considered, we have considered the thermodynamic potential which enabled us to present a comprehensive analysis of temperature and magnetic field dependence of thermodynamic quantities. It is worth noting that the model considered here is alike the Hopfield model [34] [35] [36] [37] , for which the mean field approximation is known to give exact results.
Our main results are summarized in figure 2 and in tables 3, 4. Depending on the values of q and on the node degree distribution exponent λ, the Potts model manifests either the first-order or the secondorder phase transition or it is ordered at any finite temperature, see figure 2. In the second order phase transition region (shaded in the figure), it belongs either to the universality class of the Ising model on an uncorrelated scale-free network (with λ-dependent critical exponents) or it is governed by the mean field percolation (1 q < 2, λ 4) or mean field Ising (q = 2, λ 5) exponents.
One of the major points where the critical behaviour of the Potts model in the second order phase transition regime differs from the Ising model is that its logarithmic correction exponents belong to two different universality classes. As it is well known, in certain situations, the scaling behaviour is modified by multiplicative logarithmic corrections (see [47] for a recent review and [54] for the specific case of the Potts model). For lattice systems, such corrections are known to appear, in particular, at the so-called upper critical dimension, above which the mean field regime holds. For the scale-free networks, where the
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very notion of dimensionality is ill-defined, a change in the node degree distribution exponent λ may turn a system to such a regime. For the Ising model, this happens at λ = 5 and is caused by the divergencies in the fourth moment of the node degree distribution 〈k 4 〉, as it was analyzed in detail in [28] . In addition to these corrections, for the Potts model we observe an onset of multiplicative corrections to scaling at 1 q < 2 for λ = 4. Contrary to the Ising case, these are caused by the divergencies in the third moment of the node degree distribution 〈k 3 〉. This difference in the origin of the appearance of these corrections also causes the difference in their numerical values: this new set of the logarithmic correction to scaling exponents belongs to the new universality class. In particular, they govern percolation on uncorrelated scale-free networks at λ = 4.
